Basis Light-front Quantization has been proposed as a nonperturbative framework for solving quantum field theory. We apply this approach to Quantum Electrodynamics and explicitly solve for the light-front wave function of a physical electron. Based on the resulting light-front wave function, we evaluate the electron anomalous magnetic moment. Nonperturbative mass renormalization is performed. Upon extrapolation to the infinite basis limit our numerical results agree with the Schwinger result obtained in perturbation theory to an accuracy of 0.06%.
Introduction. Nonperturbative approaches in quantum field theory are needed for many applications. One important application is to study bound state problems in strongly interacting systems, e.g., solving for the hadron structure in Quantum Chromodynamics(QCD). The Basis Light-front Quantization (BLFQ) approach has recently been constructed [1, 2] as a nonperturbative framework for quantum field theory in the Hamiltonian framework [3] . In previous work [2] this method has been applied to QED for the anomalous magnetic moment of a physical electron in a cavity formed by an external transverse harmonic-oscillator potential, which acts as a regulator of QED dynamics. In addition, the extension to strong time-dependent external field applications (tBLFQ) has been developed and successfully applied [4, 5] .
In this work we employ BLFQ to compute the electron anomalous magnetic in vacuum. 1 For an alternative nonperturbative calculation in light-front dynamics, see Refs. [8, 9] .
Email addresses: xbzhao@iastate.edu (Xingbo Zhao), hmh17@psu.edu (Heli Honkanen), pmaris@iastate.edu (Pieter Maris), jvary@iastate.edu (James P. Vary), sjbth@slac.stanford.edu (Stanley J. Brodsky) 1 In addition, several improvements and corrections are carried out over Ref. [2] : 1) we correct the operator used in [2] for extracting the anomalous magnetic moment by adopting the standard Pauli form factor operator [6] ; 2) we correct a numerical error in [2] , which led to an overestimate of the interaction terms in QED Light-front Hamiltonian by a factor of 2; 3) we optimize the computational efficiency on both the analytic and coding level and implement parallel computing so that the BLFQ calculation can take advantage of currently available supercomputers.
Light-front Hamiltonian in BLFQ basis.
In light-front dynamics, physical processes are described in terms of light-front coordinates, which consist of light-front time
We begin with the light-front QED Hamiltonian which can be derived from the ordinary Lagrangian through the standard Legendre transform with the adoption of the lightcone gauge (A + =0), where the photon field has physical polarization and positive metric. The resulting QED light-front Hamiltonian takes the following form,
where Ψ and A µ are the fermion and gauge boson fields, respectively. The first and second terms are their corresponding kinetic energy terms, and the remaining three terms describe the interaction between the fermion and gauge boson fields. Specifically, these are the vertex interaction, the instantaneous-photon interaction and the instantaneous-fermion interaction in order of appearance in Eq. (1). The m e and e are the bare electron mass and the bare electromagnetic coupling constant, respectively. In this work we only keep | e and | eγ ; i.e., two Fock sectors, in our basis (see below). Consequently, the instantaneous-photon interaction does not contribute since it involves Fock sectors with one more electron (or positron). Moreover, the instantaneous fermion interaction either contributes to overall renormalization factors, which do not affect the intrinsic structure of the physical electron, or contains small-x divergences which need to be cancelled by explicit fermion exchange contributions from higher Fock-sectors. Thus, we defer the inclusion of the instantaneous interactions and adopt the following Hamiltonian for this work,
In the second step we construct the Fock-sector basis expansion. A physical electron, which is the focus of this work, receives contributions from the multiple Fock-sectors,
and each Fock-sector itself consists of an infinite number of basis states. For the purpose of numerical calculations we adopt both a Fock-sector truncation and limits on the basis states in each sector. In this work we make the lowest nontrivial truncation by retaining the | e and | eγ Fock-sectors only. This is sufficient for obtaining the (nonperturbative) electron wave function accurate to the leading order of the electromagnetic coupling constant α = e 2 4π . For each Fock-particle we employ a 2D-harmonic oscillator (HO) wave function, Φ nm (p ⊥ ), to describe its transverse degrees of freedom and a plane-wave, e −ip + x − /2 , to describe its longitudinal motion. For each Fock-particle the (transverse) 2D-HO wave function carries the radial quantum number n and angular quantum number m, (as well as a parameter b, setting the scale of the HO wave functions, e.g.,
. The (longitudinal) plane-wave carries one quantum number, k=p + L/(2π), which is proportional to the longitudinal momentum p + , and L is the length of the longitudinal "box" in which we compactify the longitudinal degrees of freedom of the system. With the additional quantum number λ for the helicity, 4 quantum numbers label each single particle state.
In the transverse directions we implement the "N max " truncation in analogy with the 3D-HO truncation in nuclear many-body theory [10, 11] . Define a sum, N β , over the HO quantum numbers for all Fock particles, i, in a specific basis state (here we discuss only the quantum numbers of the transverse spatial motion), | β , according to,
We truncate the basis states by eliminating states with N β larger than a chosen cutoff N max . Increasing N max not only enhances the resolution but also provides a higher ultraviolet cutoff and a lower infrared cutoff for the particles' transverse motion.
In the longitudinal direction we perform basis truncation by imposing (anti-)periodic boundary condition for (fermions) bosons, such that the longitudinal momentum quantum number k for each Fock particle can only take (half-)integers. Being a good quantum number for the QED Hamiltonian, the total longitudinal momentum summed over all Fock particles in a basis state,
acts as an additional cutoff. Larger P + (K) allows more possible partitions of longitudinal momentum among Fock particles in a basis state and thus leads to a higher resolution in the longitudinal degrees of freedom.
Therefore, in order to specify the truncated basis, we need the following information: 1) Fock-sectors included; 2) truncation parameters, N max (transverse) and K (longitudinal); 3) 2D-HO basis parameter b. The longitudinal period L is not needed due to the longitudinal boost-invariance of light-front dynamics: the light-front wave functions only depend on the longitudinal momentum fraction x i = p
In this work we retain only | e and | eγ Fock-sectors, and compare numerical results evaluated in bases of different N max and K. The 2D-HO parameter b is taken to match the physical electron mass M, such that b=M=0.511 MeV.
Next we express our field operators in the BLFQ basis, specifically for the fermion and gauge boson field,
where the u and v are the Dirac spinors for fermions and anti-fermions, respectively. The ǫ µ is the photon polarization vector. The
and a † β are creation operators for the fermion, anti-fermion and gauge boson fields, respectively, with quantum numbers β = {k, n, m, λ}. They satisfy the (anti-)commutation relations
Through Eqs. (2) and (7), we are able to write down the light-front QED Hamiltonian in the BLFQ basis. Since we are interested in the mass eigenspectrum contributed by the intrinsic rather than center-of-mass motion, we add an appropriate Lagrange multiplier term to the input light-front QED Hamiltonian. This has the effect of shifting the states with excited center-of-mass motion to high mass and the low-lying spectrum comprises states with lowest center-of-mass motion, following the techniques of nuclear many-body theory. The resulting low-lying states can be written as a simple product of internal and center-of-mass motion [10, 11] (see [12] for more details). Upon diagonalization of the resulting sparse Hamiltonian matrix, one obtains its eigenvalue spectrum and corresponding eigenvectors. In this work, the ground state of the Hamiltonian, with net fermion number being one (n f =1), is identified as the physical electron. Its eigenvalue, P − e , gives the electron mass according to
⊥ , where P ⊥ is the total transverse momentum operator.
Renormalization. Before we are ready to obtain the electron wave function, one more technical detail needs to be worked out: renormalization. In BLFQ, a nonperturbative approach, the renormalization procedures are different from those adopted in perturbation theory [13] .
In quantum field theory, the values for parameters in the Hamiltonian, the bare electron mass m e and the bare coupling constant e, are regulator (cutoff) dependent. Through renormalization, one establishes the exact connection between these parameters and the theory's regulators. Since we omit Fock-sectors containing electronpositron pairs in our bases, bare photons are not able to fluctuate into electron-positron pairs and thus modify the physical charge of the electron. In this work we need only the electron mass renormalization.
Guided by a sector-dependent renormalization approach [14, 15] , our procedure for the electron mass renormalization is as follows: we numerically diagonalize the Hamiltonian matrix in an iterative scheme where we adjust the input bare electron mass in the Hamiltonian in the single electron sector only, until the resulting mass for the ground (physical electron) state matches the physical electron mass of M=0.511 MeV. The idea behind this procedure is the following: the mass counterterm, the difference between the physical electron mass and the bare mass, compensates for the mass correction due to the quantum fluctuations to higher Fock sectors. The basis states in the electron-photon sector, the highest Fock sector in our current truncation scheme, generate the conventional one-loop self-energy interactions. No further quantum fluctuations are introduced. Thus for basis states in the electron-photon sector the bare electron mass remains the same as the physical value. On the other hand, the basis states in the single electron sector couple to those in the electronphoton sector and receive the self-energy correction. Therefore for these states, we need a mass counterterm which we introduce via our iterative diagonalization scheme.
Anomalous Magnetic Moment. Our calculated spectrum includes both the physical electron state and electron-photon scattering states. The ground state is identified as the physical electron (| e phys ), and its eigenvalue has been renormalized to the mass of a physical electron. The associated eigenvector (wave function) encodes all the information of intrinsic structure of the physical electron and can be employed to evaluate observables.
We focus on one specific observable: the electron anomalous magnetic moment, a e , which measures the deviation of the electron spin gyromagnetic ratio from the "normal" value, 2, namely, a e ≡ g s −2
2 . The electron spin gyromagnetic ratio g s is the ratio between the electron's magnetic moment, µ, and the product of the electron's spin, s=1/2, with the Bohr magneton, e/(2M),
The finite electron anomalous magnetic moment a e reflects a nontrivial internal structure of the electron in QED: it originates from the relative motion between the constituent electron and the constituent photon (as well as higher Fock components in principle) inside a physical electron. It was first calculated by Schwinger in leading-order perturbation theory [7] with the result a e = α 2π . In QED, the a e is defined by the Pauli form factor F 2 (q 2 ) at the zero momentum transfer limit q 2 → 0,
where q 2 = q µ q µ and q µ is the 4-momentum transferred from a probe photon to the electron. We adopt the Drell-Yan-West frame [6] where the incident electron is directed along the 3-direction with 4-momentum
p + , 0 ⊥ ) and the probe photon's momentum is in the transverse directions with q µ = (0,
In this frame the Pauli form factor can be evaluated as,
where q ⊥ =(q 1 , q 2 ) and J + (0)=Ψ(0)γ + Ψ(0) is the electric charge density operator at x µ =0. The | e
↑(↓)
phys ( q ⊥ ) denotes the physical electron state with helicity (anti-) parallel to the longitudinal momentum (p + ) direction and (average) transverse center-of-mass momentum of q ⊥ . The helicity-flip state and the states with nonzero (average) transverse momentum can be inferred from | e ↑ phys ( 0 ⊥ ) by exploiting the transverse parity symmetry [16, 12] and the boost invariance properties of lightfront dynamics.
In BLFQ, we work with finite dimensional basis spaces. In order to obtain the electron anomalous magnetic moment a e in the limit of the infinite basis size, we first calculate a e as a function of the truncation parameters, which also act as regulators, and then perform extrapolations. The upper panel of Fig. 1 displays the anomalous magnetic moment evaluated from Eq. (10) at various selected basis sizes as discrete points and at both the physical electromagnetic coupling constant α = 1 137.036 and an artificially enlarged α = 1 π . We elect to relate the two basis space cutoffs and adopt N max = K−1/2 for simplicity and convenience. The horizontal axis in Fig. 1 is the N max = K−1/2 of the basis. Results in bases at N max =K−1/2 larger than 50 are evaluated using Hopper, a Cray XE6 supercomputer, and Edison, a Cray XC30 supercomputer, at the National Energy Research Scientific Computing Center (NERSC). Numerical diagonalization of the Hamiltonian matrix is performed by ARPACK software [19] . The maximum basis dimensionality achieved so far is 28,027,289,920 at
The results in the upper panel of Fig. 1 suggest that the anomalous magnetic moment directly evaluated from Eq. (10) tends to zero with increasing basis space cutoff. The origin of this behavior is that the current Fock space truncation violates the condition Z 1 = Z 2 [18] , which would be a consequence of the Ward identity. Here Z 1 is the renormalization factor for the vertex coupling the | e and | eγ sectors which remains unity in the infinite basis limit with our Fock space truncation. Now, Z 2 is the electron wave-function renormalization which, in light-front dynamics, can be interpreted as the probability of finding a constituent electron out of a physical electron:
where the summation runs over all the basis states in the | e sector. In our Fock space truncation, Z 2 receives a contribution from the quantum fluctuation between the | e and | eγ sectors and consequently goes to zero in the infinite basis limit. Our numerical data suggest a We next note that, due to our current Fock space truncation, Z 1 does not obtain the corresponding quantum fluctuation that would involve the | eγγ sector. Hence, it seems reasonable to associate the origin of the vanishing (naive) anomalous magnetic moment from Eq. (10) with that of the vanishing renormalization constant Z 2 . We therefore propose the following procedure to obtain the rescaled ("re") Pauli form factor,
After rescaling the Pauli form factor the (rescaled) anomalous magnetic moment becomes independent of the coupling constant α (at fixed N max = K − 1/2), as can be seen in Fig. 2 , even though the naive results for the anomalous magnetic moment depend strongly on α (see Fig. 1 ). Furthermore, our results for the rescaled anomalous magnetic moment seem to increase monotonically with increasing N max = K − 1/2, and approach the Schwinger result from below, independent of α.
In order to test the precision of BLFQ, we extrapolate the (rescaled) anomalous magnetic moment to the infinite N max = K − 1/2 limit in Fig. 3 . Here, the BLFQ results fall into two groups with even and odd N max /2, respectively. This odd-even effect originates from the oscillatory behavior of the (2D-HO) basis function in the transverse plane. In Fig. 3 , we apply linear extrapolation in 1/ √ N max = K − 1/2 to data points with N max =K>150 for the even (odd) N max /2 group individually. The extrapolated a e at infinite N max = K−1/2 limit, is 0.112610 (0.112541), agreeing well with the Schwinger result with a relative deviation of +0.063% (+0.001%), for the even (odd) N max /2 group, respectively.
Our finding confirms the analytic result found in Refs. [14, 15] , where a nonperturbative light-front wave equation approach is adopted and it was found that in bases truncated to | e and | eγ two sectors, the nonperturbative results agree exactly with the Schwinger result. This can be understood as follows: in the Focksector truncation allowing only for the quantum fluctuation into | eγ sector, the resulting nonperturbative lightfront wavefunction encodes the identical information on the structure of the physical electron, compared to that from leading-order perturbation theory. The higherorder contributions only contribute to the electron wavefunction renormalization factor, Z 2 . Once we include higher Fock sectors in our BLFQ calculations we expect to see deviations between the nonperturbative BLFQ re- sults and (higher-order) perturbation theory.
Conclusion and Outlook.
In this work we demonstrated the workflow of applying BLFQ to evaluate observables in the vacuum. Specifically, as a test problem, we applied this approach to QED and study the physical electron in bases truncated to | e and | eγ Fock-sectors. We performed the electron mass renormalization following a sector-dependent scheme [14] . We found that the resulting (naive) electron anomalous magnetic moment in this truncated basis approaches zero upon extrapolation to the infinite basis limit, independent of the coupling constant. However, by rescaling the anomalous magnetic moment with the inverse of the electron wave-function renormalization factor (Z 2 ), we recover the Schwinger result to high precision (less than 0.1% deviation), confirming the results found in another nonperturbative approach based on light-front wave equation formalism [14, 15] .
On the computational aspects, we find the BLFQ approach may be parallelized following recent advances in computational low-energy nuclear physics. For fixed basis sizes, the (inverse) computational time ("speedup" factor) almost scales linearly with the number of processors. It is thus conceivable that this method will greatly benefit from anticipated advances in supercomputer technology.
Since the electron light-front wave function encodes all the information on the electron structure, it can be employed to evaluate other observables which "measure" the electron structure in QED, such as the electromagnetic form factors, the generalized parton distri-bution functions (GPDs) [21] , etc. Also, we have initiated applications of this method to other systems, such as positronium, for which we add a positron into the current single electron system. Indeed, initial positronium calculations are already underway [22, 23, 24] . In addition to these "stationary" problems, electron lightfront solutions also find applications in the recently developed time-dependent Basis Light-front Quantization (tBLFQ) approach [4] , where the single electron states as well as the electron-photon scattering states are employed to solve the photon-emission problem in a strong and time-dependent laser field. Ultimately, our goal is to apply this method to QCD and solve for the hadron spectrum and structure.
